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ABSTRACT

In this study, a non-linear mathematical model for the dynamics of crime against women in India has been
considered based on the principles of optimal control theory. Four time-dependent control mechanisms are
incorporated in the present study to curb (minimize) the growing rate of susceptible and hence victim population
and enhance (maximize) the crime quitting rate of criminals. These functions reflect the susceptible population’s
restriction-reduction plan and crime prevention approach to the criminal population. The Pontryagin’s maximum
principle is used to solve the described optimum control functions. Consequently, the optimal strategies for the
control variables have been determined. Numerical findings for several situations are presented to illustrate the
effect of controls on the number of victims and criminals. The numerical simulation shows that when the control
measures are implemented, there is a noticeable decrease in the number of victims and criminals in comparison
to the scenario of no control. Thus, we conclude that to reduce the number of victims and criminals, the
government should fund awareness campaigns, enact laws that work, install security cameras, provide emergency
devices to susceptible, teach them self-defense techniques, and encourage criminals to change their ways.

Keywords-component; Mathematical model, Crime against Women, Epidemic approach, Stability analysis,
Optimal Control.

Introduction

Crime against women is a serious social problem that crosses boundaries, and India is no
exception. Despite progress in many areas, the country still faces the threat of violence,
discriminate on, and exploitation against women. According to NCRB analysis [1], crimes
against women increased by 4% in 2022 over 2021, suggesting a terrifying uptick. The data
shows a worrisome increase with a startling 4.45 lakh cases reported in 2022 alone—nearly 51
FBI reports every hour. As per the report, the most common offenses against women under the
Indian Penal Code were cruelty committed by husbands or their families (31.4%), followed by
kidnapping and abduction (19.2%), assaults on women to offend their modesty (18.7%), and
rape (7.1%). The realization of women’s and girl’s human rights as well as equality, progress,
and peace continue to be hindered by such violence against women. To establish a society where
women have equal rights and opportunities and may live fearlessly, this issue must be addressed.
To guide how to restrict the spread of crime, mathematical models have been essential in
deepening our understanding of the fundamental mechanisms that drive it [2-14]. When making
decisions involving complicated dynamical systems, optimal control theory is a potent
mathematical tool [15]. Several researchers have implemented this theory in their work [16-23].
Optimal control theory has recently been applied to create the best possible intervention plans
for a range of "contagious" social illnesses, such as criminality, that are mostly propagated
through interaction with afflicted peers. To the best of our knowledge, no research has been
done on crime against women in India using the dynamic model and the optimum control
technique. Consequently, we will refer to several mathematical models of crime that share
similar features and have utilized the optimal control theory. Ibrahim et. al. introduced an
optimal control model that accounts for the fluctuations in the subpopulation within the criminal
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gang population dynamics. In a resource-constrained environment, the model’s two control
functions describe the susceptible crime deterrence method and the criminal gang population’s
case identification control. It concluded that the corrective measure including arresting and
punishing of criminals is the least expensive and most effective technique in a limited-resource
situation [24]. Mushayabasa developed a compartmental model to study the relationship
between unemployment and property crime, recognizing that the transition from non-criminal
to criminal conduct is socially infectious [25]. He then extended it to the optimal control model
by considering three time-dependent control functions representing a potential government
initiative or policy meant to lower unemployment and property crime. It was concluded that a
nation’s property crime and unemployment rates can be efficiently controlled or eliminated with
the help of such control measures. Comissiong and Sooknanan reviewed several research papers
to analyze optimal control in social models including crime models [26].

We previously presented a mathematical model that examined the dynamics of crime against
women in an open population [7]. The following assumptions were made: (i) women become
victims while connecting with criminals, (ii) non-susceptible people engage in criminal action
while under the influence of criminals; (iii) the flow of criminals to non-susceptible people as a
result of behavioral change/laws or police. We also performed parameter estimation to
determine the appropriate parameter value and used the least square curve fitting approach,
which provides a good match to the data collected from NCRB from 1992 to 2019 [1]. Here, we
are expanding our model by incorporating four time-dependent control measures on the target
population by restricting their access to hotspot areas, on the target criminal interaction by
implementing awareness programs and enforcing laws, on the susceptible criminal interaction
by imposing more security measures, and on criminals by encouraging them to quit crime. We
investigated the optimal control model using stability analysis. Our goal is to reduce the number
of victims and criminals, and we discovered that the combination of the last three control
measures produced the best results. Building a future where women’s safety and dignity are
valued and safeguarded will need ongoing work.

The paper is organized as follows: an optimal control model is formulated in Section 2.
Section 3 analyzes the optimal control model by identifying the prerequisites for optimal
control’s existence. Section 4 provides the necessary conditions for optimality. Section 5
conducts the numerical simulation and discussion. The conclusion is found in Section 6.

I.  FORMULATION OF OPTIMAL CONTROL MATHEMATICAL MODEL

For the formulation of the model, we are dividing the total population N(t) into four distinct
compartments, namely, targeted population X(t), susceptible women population Y(t) (likely to
become a victim), criminals C(t) and women victims V(t). Hence,

N(t) = X(t) + Y(t) + C(t) + V(t). (1)

We assume that the women population is likely to become victims and hence join the
susceptible class with a rate proportional to the non-susceptible population i.e., Y1 X. Women
from the susceptible class move to the victim class when they interact with criminals at a rate
proportional to the density of susceptible women and the density of criminals i.e., BCY.
Furthermore, it is assumed that non-susceptible committing crimes under the influence of
criminals and enter the criminal class with a rate proportionate to both the density of non-
susceptible and the density of criminals i.e., Y2 XC. Also, there is a possibility of criminals
giving up crime and moving to non susceptible class with a rate proportional to the criminal
population i.e., Y3C. Lastly, the natural death rate | of all classes is considered to be
proportional to their respective class density.

Considering all the abovementioned assumptions, the following mathematical model is
proposed:
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? A -y X-y,XC + y3C - X,
Y

= = y1X - BCY - Y,
§& (2)
o y2XC - y3C - uC,
d—\t’ = BCY -(u + a)V,

where X(0)> 0,Y(0)= 0,C(0)= 0,V(0)= 0.

In the above model system, A is the immigration rate, parameter Y1 measures the rate of flow
from non-susceptible to susceptible, Y2 is the crime committing rate of non-susceptible, Y3
is the conversion rate of criminals to non-susceptibles, B is the rate at which susceptible are
getting victimized under the influence of criminals, O is the death rate of victims and M is the
natural death rate.

To reduce crime against women, we are introducing four time-dependent control functions
uq(t),ux(t),us(t),us(t) in model 2. Here, the control variable U7(t) is defined to be
restriction control, which restricts the target population from going into the risk area and
becoming susceptible. This can be done by avoiding crime hotspot areas. The second control
variable U3 (t) is the reduction control, which reduces the interaction between the target and
criminals via practicing laws or awareness programs etc. The interaction between susceptible
and criminals can be reduced through the police force or via technology i.e., imposing more
security cameras, providing emergency help devices to susceptible, by teaching them self-
defense techniques. To study the impact of such measures, the model incorporated the third
control variable U3 (t). The fourth control variable U4 (t) supports a reduction in criminals
through awareness programs, behavioral changes in them or scared by law enforcement. The
above discussion leads to the following optimal control model:

d_X
&
g
%

dt

A-y1(1-up)X-y2(1 - ux)XC +y3(1 + uy)C - pX,
y1(1 -up)X - B(1 - u3)CY -y,
Y2(1 - uz)XC - y3(1 + uy)C - pC, )
= B(1-u3)CY-(u + a)V,

The problem is to minimize the objective functional:
T 6, 2 6, 2 B3 2 6, >
MU, Uz,us,ug] = F1[CO+ V(D) + 202 + 203 + 202 + %] dt
4)
where T is the final time and, ©1,65,83 and 04 are the cost coefficients.
Here, we need to find optimal controls u}‘ ,u; ,u;uz such that
M(u%,ub,ub,us) = minM{(u;,u,u3,Us):U7,Uz.Us,Us € U}
where U = {(uq1,Us,u3,uUs) € L2[0,T1} is the control set such that Uy,U>,U3,Uy are
measurable and 0 < u; = 1 fort €[0,T] fori=1,2,3,4.

II. EXISTENCE OF OPTIMAL CONTROL
The existence of optimal control is demonstrated in this section.

* * ok ok % . . .
e Theorem 1. A setUu = (Ul:Uz:U3rU4) € U of optimal control variable exists such that
*k * * >k .
M(ul,uz,u3,u4) = minM{(uq,u5,uUs,uUs)|u;,us,us,us € U}
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e Proof. The following steps need to be fulfilled for the existence of optimal control.

*  There should be some value in the collection of controls and associated state variables.
The findings of Fleming and Rishel [27] and Boyce and DiPrima ([28], Theorem 7.1.1)
can be used to demonstrate this.

*  The functional M satisfies the required convexity.

*  The set U is both convex and closed.

*  The optimal system (3) is bounded above by the linear function in the state and control
variable.

*  The objective functional (4) has convex integrand in control set U, which is bounded

B/2
below by T1 + T2 (Zi4=1 |ui|2) where T1,T2 and B > 1 are constants, i.e,
B
L(C,V,u1,U2,U3,Us) = Ty + To(Jurl? + [uz|? + |us|? + |ua[?)’
This might alternatively be written as

0 0 0 0
C(t) + V(t) +71u§ + 22+ =22+ =0

2 2 2
B
+2 1+ To(|un |2 + ual? + Jusf? + |ug|?)”
The condition is verified by the fact that state variable are bounded and by taking
Ty = 2infreio(CO) + V(D) T, = inf(2, %2, % 8 qp =2
Thus, Fleming and Rishel argue that optimal control exists.
. NECESSARY CONDITION FOR OPTIMAL CONTROL

The necessary optimality conditions can be derived using the Pontryagin’s maximum
principle [29], which aims at converting the optimal system (3) and objective functional (4)
into the problem of minimizing Hamiltonian function H, given by:

H = C(t)+ V(t) + T3 3 uZ + 1 A (1)5(5)

where Ai(t),i = 1,2,3,4 are the adjoint variables and S;,i = 1,2,3,4 represent the
variable on the right side of the differential equation for the i-th state.

* * >k *k
Theorem 2. For the optimal controls (Ul ,Us,Us3 ,u4) and their corresponding state
solutions X Y ,C* V", there exist adjoint functions A1,A2,A3,Ag such that

Ay = Y1(1 - u1)(A1 - A2) + Azl + (A2 - A3)ya(l - up)C

A = B(1-u3)C(Ag - Ax) + AxM

Az = -1+ ya(1-uz)X(A1 - A3)- y3(1 + Ug)(Ag - Az) + B(1 - uz)Y(Az - Ag)
Ay = -1+ M(p+ a)

with transversality condition Ni(T) = 0 fori = 1,2,3,4 and the control variables
(uz ,U; ,Uz ,UZ) satisfy the following optimality conditions:
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* . Az - A X(t
up = min(1,max( 2 é)vl ©,
1
. , As - AL)V2X(D)C(t
o = mln(l,max(( 3 1)g2 (t)C( )))’
. | (s - A)BCO)Y(D)
us = min(1,max( 5 ),
. | (A3 - AdysC(t)
Uy = min(1,max( 5 ).
4

Proof. The Hamiltonian function H is given by:

0 06 0 0
H = CO)+ V() + 5 ud+5u3+5ud+5uf +AlA-y1(1-up)X-ya(l - up)XC

+Y3(1 + ug)C - PXT + Axly1(1 - up)X - B(1 - u3)CY - pY] + Aslya(1 - uy)XC
- Y3(1 + ug)C - PC] + A [B(1 - u3)CY - (u + a)VI.

where Pontryagin’s maximum principle may be can be employed to compute the adjoint
functions, as follows:

d_ oH
dt 68X
dA, _ ©H
dt oY
A 8N
t  8C
&£ 8
dt ~ 8V

. . . . * * * * .
Thus, the system of adjoint equations at optimal controls U;,U5,U3,Us and their
corresponding state variables X ,Y",C",V" is a follows:

Ay =v1(1-u1) (Ap-A2) + A+ (A2 - A3)y2(1 - up)CT

Ay = B(1-u3)C (Mg -Ay) + ApH

Ay =14 v2(1 - U)X (Ar-A3) - ya(l + Ug) (Ar - Az) + B(1-uz)Y (A2 - Ag)
A4 = -1+ M+ a)

. . ., . . * * * * .
Further, the optimality conditions for control variables Uj,U>,U3,U4 can be obtained by the
following condition:

oo = Ofori = 1,2,3,4
that is
0= 2% =61u] + (A1 - M)y X" ©6)
0 = 2 = B,u3 + (A - A3)y2X"C’ ()
0 = 2= = 63u3 + (A - A)BCY" ®)
0= 56—[:44 = 04Uy + (A1 - A3)ysC™. &)
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The optimal control is limited to UT = min{max(0,u;),1} to fulfill the required
restrictions for the control functions (i.e.,O =< U; =< landt €[0,T]). Thus, we obtain the
desired values of optimal controls by applying the equations (6), (7), (8), and (9) along with
the boundaries of the controls.

IV. Optimal Control Model Numerical Simulation: Results and Discussion

This section explores how control strategies affect crime against women through numerical
simulation. The optimality system may not always be solvable analytically; thus approximations
of the solutions and their visualization are achieved by numerical techniques. The optimality
system may be thought of two-point boundary system due to the initial state system condition
and the terminal state of the adjoint system. Such type of two-point boundary value problem can
be solved using the more precise and thorough iterative method namely the Runge-Kutta fourth-
order algorithm. A multiple-step approach, the Runge-Kutta method takes a defined set of prior

values Xn-kr---» Xk where N is the number of steps and the solution at time X 41 is found. This
technique called the forward-backward sweep approach, is explained in a book by Lenhart and
Workman [15]. Starting with a first estimate for the control variable, we use the Runge-Kutta
forward sweep technique to approximate solutions for state equations given initial conditions
for states. We estimate solutions for adjoint equations given the final time conditions for adjoints
and the state solutions from the prior step using the Runge-Kutta backward sweep approach.
The value of the control variables is updated by averaging the previous value and the new value
obtained from the control characterization. The procedure is repeated for updating the controls
and the forward numerical scheme until the convergence of all state, adjoint, and control values
is achieved.

By taking time in weeks, we have used MATLAB to write and compile the code where the
estimated initial values of state variable are
X = 1000000,Y = 10000,C = 340058,V = 7903711, the terminal condition for
the adjoint system is Aj(T) = O for i = 1,2,3,4, T=50 weeks and the parameter values are

given by the following table:
Table 1: Parameters values for numerical simulation of optimal control model.

Baseline value (per
Parameters | Description year) Source

A Immigration Rate 13011000 Estimated
Y1 Rate of flow from X to Y 0.2 Fitted
Y2 Crime committing rate of X 0.00000000132 Fitted
Y3 Rate of flow from C to X 0.0115 Fitted

B Rate at which Y are getting victimized 0.000000000240112 | Fitted

under the influence of criminals
a Death rate of victims 0.00005 Fitted
u Natural death rate 0.00028 Estimated

The impact of the control measures on crime against women in various combinations is then
plotted on the graphs. The scenario in which no optimal control method is used is displayed in
all the upcoming figures, to determine the best alternative. Subsequently, we suggest multiple
control techniques utilizing diverse combinations of control measures and assessing their
efficacy, assisting in the identification of the most appropriate control approach to battle
offenders and victims.

a) Control strategy implementing one control at a time.
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Figure 1: Variation in victims V (¢) for dif-  Figure 2: Variation in criminals C(t) for
ferent controls combinations. different controls combinations.
Figure 1 displays the variation of victims when control variables U;'S;i = 1,2,3,4 are

implemented alone. The figure clearly shows that control variable U7 alone does not affect
reducing the victims, however, control variable U3 most efficiently lowers the victims from
3877690 to 85228 in 50 weeks, making it the ideal control approach to use. Thus, it may be
proposed that victims can be effectively minimized by reducing the interaction between
susceptible and criminals via installing more security cameras, offering emergency aid gadgets
to susceptible, training them in self-defense tactics, and so on. Similarly, figure 2 depicts the
variation of criminals for different control variables. Implementing U3 and U3 alone does not
reduce the criminals whereas the most effective control variable which reduces criminals from
2147110 to 45482 in 50 weeks is U2. As a result, awareness programs and practicing laws to
minimize interaction between targets and criminals are critical in lowering crime.
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Figure 3: Variation in victims V (t) for differ-Figure 4: Variation in victims V' (¢) for differ-
ent controls combinations. ent controls combinations.

b) Control strategy implementing two controls at a time:

Figures 3 and 4 represent the variation in victims for several combinations of two control
variables at a time. It can be concluded from the two figures that the combination of controls
U2,U3 and U3,U4 have almost identical effects in bringing down the number of victims from
3877690 to 78769 in 50 weeks. Consequently, put any of the following strategies into practice:
limiting association between susceptible and criminals by the use of technology or the police
along with conducting awareness campaigns to deter target criminal interaction, or encouraging
criminals to change their behavior. The variation in criminals considering two control measures
at a time is illustrated by figures 5 and 6. It demonstrate that combination of U2 and U4 reduces

7752



—

LEX LOCALIS-JOURNAL OF LOCAL SELF-GOVERNMENT S
ISSN:1581-5374 E-ISSN:1855-363X , 1.1:.}&_3
VOL. 23, NO. S6(2025) LOCALIS

the criminals from 2147110 to 6216 in 50 weeks making it the optimal combination of control
measures to implement. In other words, we can say that actions like practicing laws, running
awareness campaigns, and behavioral changes in criminals have a significant influence on the
decline in the number of criminals.
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Figure 5: Variation in criminals C(t) for dif-Figure 6: Variation in criminals C(t) for dif-
ferent controls combinations. ferent controls combinations.

c) Control strategy implementing three controls at a time:

Three control measures can be combined in the following four manners:
Uj,Uz,U3;U7,Up,Uq;Uq7,U3,Ug and Up,U3,Ugq. Any of these four strategies can yield almost
identical results, however, strategy 4 is found to be more suitable in bringing victims down to
77765 from 3877690 and criminals down to 6173 from 2147110 in 50 weeks. A conclusion can
be drawn that practicing laws to prevent target-criminal interaction, enforcing technology to
limit susceptible criminal interaction, and motivating criminals to quit crime are shown to be an
effective control strategy. The outcome is consistent with applying all four controls together, as
will be discussed in the following part.

d) Control strategy implementing all four controls:

The variation in victims and criminals respectively on implementing all four controls together
is shown in figures 7 and 8 respectively. It is evident from the figures that encouraging the target
population to avoid crime hotspot areas, lowering target-criminal and susceptible-criminal
interaction through awareness campaigns and police force/technology respectively, and non-
criminalization of criminals through behavioral changes cause victims to decrease from
3877690 to 77765 in 50 weeks while criminals decrease from 2147110 to 6173 in the same time
frame.

Although implementing three control variables U2,Us3, and U4 and implementing all the control
variables have the same impact in reducing victims and criminals, it can be concluded that, of
all the cases discussed above, the most effective control strategy for reducing victims and
criminals in long run is to implement the three control measures U,U3, and U4 together, i.e.,
practice laws to prevent target-criminal interaction, enforce technology to limit susceptible
criminal interaction and encourage criminals to stop committing crimes.
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V. Conclusion

This work represents the application of optimal control techniques on a dynamical model
system with control strategies aimed at minimizing the number of criminals and victims. The
adopted control measures include prohibiting the target population from entering the risk area,
practicing laws or awareness programs that lessen contact between the target and criminals,
minimizing interactions between susceptible individuals and criminals through the use of
technology or police force and law enforcement-induced behavioral changes or intimidation
which deter criminal activities. By converting a constrained optimization problem to an
unconstrained Hamiltonian function and deriving adjoint equations from it, Pontryagin’s
maximum principle enables us to prove the existence of an optimal control problem and to
establish the required conditions for optimality. Lastly, to examine and contrast the effects of
the different control strategies, we performed numerical simulations of the resulting control
problem. The numerical findings revealed that control techniques including all four control
measures and control measures (U3,Us,U4) had a substantial influence on reducing criminals
and victims making Uj less effective. Thus, putting control measures in place like awareness
campaigns, passing legislation, installing security cameras, giving susceptible people
emergency devices, teaching them self-defense skills, encouraging criminals to change their
behavior, and frightening them with the presence of law enforcement could eventually result
in fewer victims and criminals.
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